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Asymptotic values of the upper critical loads are determined for local buckling in
the zone of absence of regularity of thin elastic piecewise-convex, shallow, non-
symumetric and nonshallow shells of revolution subjected to external discontinuous
loads. Examples of shallow ellipsoidal and nonshallow spherical shells with a dis-
continuity in the meridian along the parallel are considered for uniform external
pressure, and subject to a load Tumped along the parallel in the case of a smooth
surface,

An asymptotic method using the presence of the natural small parameter of rela-
tive thin-walledness in the shell theory equations is applied. The asymptotic val-
ues of the mentioned critical loads are determined as the least branchpoints of the
nonlinear equations of the internal edge effect occuring because of absence of sm-
oothness of the shell middle surface and the external load, by using an electronic
computer,

1, Formulation of the problem, A nonlinear variant of the theory
of medium bending of an elastic shallow shell with a piecewise-convex middle surface
subjected to a transverse load is considered [1]:
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All the quantities in (1, 1) are dimensionless and connected with the dimensional rela-
tionships presented in [2], Here z is the piecewise-convex middie surface with ab-
sence of regularity along a horizontal line T;. It is assumed that the shell occupies
a finite simply-connected domain [ with the boundary [' in planform, Here z;
denotes the strictly convex part of the surface 2z bounded by the curve T, and gz,
denotes a strictly convex surface one of whose edges coincides with T'; and the other
with the shell boundary I', Let us consider the curves I' and T', to be sufficiently
smooth, to have no common points, and (.2
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Stability of thin elastic shells 531

The load function ¢ (z, y) is given in the form
(1.3)
g@ Yy =gy +PEE sl
where 4o (z, ¥) is a sufficiently smooth function in the domain ) + T,

§ (s) is a delta-function, and P (8) is the intensity of the concentrated load,
Boundary conditions corresponding to a clamped or a moving hinge support of the shell
edge aresatisfied on the contour T

(1.4)
Nu=v=w=uw=0 s=T
Q) F=F, = w=we +v (W —xwe) =0, sl

The solvability and differential properties of solutions of the boundary value problems
(1, 1)-(1. 4) have been obtained in [3], from which there follows, in particular, that
the functions @ and F remain continuous fogether with their first and second deri-
vatives in passing through T, (continuity of the angles of rotation, the stresses and the
moments)

— 1.5
Wy = Wy, Wy = Wgyp, Wyep = Wyep (1.5)

Fy=Fy, Fiyp= Fo, Fipp= Fopp, sET1

It has been shown in {4-7] that the asymptotic values of the upper critical load for suf-
ficiently thin smooth shells are determined by local buckling far from the edge (the
principle " B" of Pogorelov) or by phenomena in the edge effect zone, Moreover, an
abrupt change in the strain, moment, and force fields occurs also in the neighbor-
hood ofl'; due to absence of smoothness of the middle surface and the load (internal
edge effect phenomenon), This results in the fact that snapping of the shell can start
in the neighbourhood of T'y for loads smaller than in the case of smooth surfaces and
loads,

2, Construction of the asymptotic, An asymptotic method [2, 5-8]
is developed here to determine the upper critical loads,

Let us note that here, as in [2,8], it is assumed that the number of azimuthal waves
does not grow too rapidly along the line I as &~ ( , Limiting ourselves to the con-
gonstruction of the principal terms, let us construct the asymptotic expansions of the so-
lutions of problems (1, 1)-(1.4) as &2 - in the form

(2.1)
uy (.’l.‘, Y, 8)~w01 (SL‘, y) + £G1 (.2?, ¥, E)v Fl(x, Y, 8)""'FO]. (x1 y) -+
el (x, ¥, €)
Wy (13, Y, 8) ~ W ((1:, y) + 862 (x? Y, 8) + €40 (xa Y, 8)
Fz (x’ Y, 8) - F02 (xs y) + 8}12 (JE', Y, 8) + Eho (.’L‘, Y, 8)

Here the subscript £ = 1 if (2, ¥,2) €21, and i = 2 if (x, ¥, 2)
& z;.  The functions wy;, Fo; correspond to the membrane form of shell equi-

librium coincident with the initial surface and are determined to form the system (1, 1)
for € =0
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(2.2)
wo; = 0 [z, Foil = ¢

with boundary conditions corresponding to (1, 4)
(2.3)
1) [FO‘Z, e T VF02, s T Kovpoz, p]I‘ = Woy (5) =0, s’

2) Fog (s) = woe (5) = 0, s T

The functions of boundary-layer type  &o, Ao are constructed in [2]. They are concen-
trated in the neighborhood of the shell edge I' and cancel the residuals in the satis-
faction of the boundary conditions (1,4) for Woz, Foz- Because of the strict con-
vexity of the surfaces %1 and z, it follows that the equations in (2, 2) are elliptic,
it can then be shown that

) 2.4
F01=F021 1’01,9¢F02,0 ( )

if P(s)s=0 or 5 (8) 7= 2y (8). Comparing {1. 5) and (2.4), we find
that the solutions of problems (2,2), (2.3) have worse differential properties than the
solutions of problems (1, 1)-(1.4). The functions of boundary layer type G H; can-
cel the discontinuities in the derivatives, improving the differential properties in the
solutions Wi, Fois i.e., the functions wo; + &Gy Foi T+ efl; have differ-
ential properties satisfying conditions (1. 5) in the neighborhood of T - Therefore, 'the
internal boundary layer phenomenon holds [9-15], However, in contrast to the papers
mentioned, here bifurcation holds in the edge effect zone,

The functions G;, H;  are concentrated in the neighborhood of the line I’}
and are determined from the internal edge effect equations, To derive these equations,
let us go over to the local coordinates (p, ¢) in the neighborhood, and by using (2.1)
let us carry out a construction [2] related to stretching the boundary layer on both sides
of T';. Consequently, we obtain a system to determine @, H; (i = 1, 2) which
with the aid of the change of variables (x (s) is the curvature of the contour I';)

0G. (1)) (2.5
i)y, n=£>0

AH  (t;)
—on ar,

at;
fy = — —Z— <0
Qi = 2fici_l, T; == t; (xci)l/za b > 0
c; = =% (3Pt 20" — 224, xyP0y)
fi = —»71 (Foi, xa04® + Foi,uyPs® — 2F o1, xyPxPy)

= (— 1ai,

reduces to a system of nonlinear ordinary differential equations
(2.6)

Bzai N 1 . azﬁi ]
C; otz 5 Bi® -+ cif; = 0, CigT -+ -5 Qiciﬁi — B — cia; = 0
; ;
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Substituting (2. 1) into (1.5), taking account of (2.4), and again applying stretching
of the boundary layer, we obtain the conjugate conditions at 7, = T, =0
for the system (2, 6) [8] :

2.1
1°. a; (0) — a; (0) = Foppe 0) — Foge (0)
2. (/'11/’ 30«51(?) - _ 21/= a‘;zf(:))
3. By (0) = B: (0)
o v, 9B1(0 . 0B (0
4°, Clz—‘ﬁal_;l=~c2/2—662’l,‘(2—)
Moreover, the conditions
(2.8)

@; () = B; (00) = 0 (i=1,2)

resuit from the requirement that the boundary layer functions decrease at infinity,
Therefore, for arbitrarily given 2z and ¢ satisfying conditions (1.2) and (1.4),
the solution of the equations for the principal term in the internal edge effect zone re-
duces to the identical system (2, 6)~(2. 8) in which the dependence of the critical lo-
ad on the shape of the middle surface and the loading method is taken into account
by the parameters c;, Q:. It is interesting that the system (2, 6)-(2, 8) agrees with
the internal edge effect system for a shallow shell of revolution with a piecewise-
smooth meridian,

Furthermore, let us introduce the quantity

¢ = max, Q, = max, (2f,c,™), s I, (2.9)

as the loading parameter.

According to [5], the asymptotic value of the upper critical load for local buckling
in the neighborhood of [, is determined by the least branchpoint o* of the prob-
lem (2. 6)-(2. 8). Let us seek the solution of the problem (2, 6)-(2. 8) in the form
(2.10)

(1)
ag(Ty) = Z VemnZx Yk Bu(Tk) = 2 Yl(ﬁzmﬂfkmykn
m-+4n>1 min>1

Ty = Tox €XP (—TTy), Yi = Yor €Xp (—pyTy)

1 Qk‘ Y,
b (g +5E)
All the constructions are evidently valid for O < 4.
Substituting (2. 10) into (2. 6) and collecting terms in idenitcal powers of %)Y,
we determine the coefficients V;c?nn- Then substituting (2, 10) into (2, 7), we obtain
a system of nonlinear algebraic equations to determine Zo, Yo
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(¢ HI—
Gy (Vl ) = Z (Ymmﬂ”ol Yor — Yemn roa o) = 3 (@11 — Qacy)

m-bnzet
G ('Vu)) = mé [01 (mry <+ np;) “1’1mn7o1 94?1 -+ (2.1
c* (mry -+ np,) vé%%xozym] =0
G () = 0, G, () =
We use the method elucidated in {6] to solve the system (2, 11}, (2, 12) on an electronic

computer, The condition that its Jacobian vanishes is used to determine the branch poi~
nts of the system (2, 11). The computations are checked by using the first integrals of the
system (2, 6),
Passing to dimensional variables, we obtain a formula to determine the asymptotic vai-
ues of the critical load for local buckling in the neighborhood of the line T’y

B (2.12)
e —— i
P 12(1 — v 02 o (e Q)
When Fop = Fogee = 0 for s& Iy, the quantity g* depends only on the

two parameters ¢y/c,, Q,/Q,.

3,Examples for shallow shells, 1°, Ellipsoidal shell with pi-
ecewise-convex surface subjected to a uniform external load for
a mobile hinge-supported edge. The equations of the shell middle surfaces
and the contours p and Iy are given in the form

3.1)
=M=y (z®+ byf)y, z=1—Yylk22+ kgp®), 20 =0

2\ ’ 2\
X="/5;') cos ¢, ’47@) sing,  X,=3X, Y;=AY, k>0

There follows from the condition gz, ([y) = z, (I}) = 0 that

(3.2}
e=KU% (M — 1422, b=~N% (M —1-+2)
The functions  F,,, F, are determined from (2. 2) and we have the form
3.3
For= 21.:(111:2 ( e ) - /Zb (ex® -+ by?) o
Egy == *&; (2 — kp2? — Ep?)
By using (3, 1)-(3. 3), we obtain from (2, 5)
oy, o Fog, ol om0 = VQJ_?;—-TQgC_z_

The asymptotic values of the critical load for local buckling in the neighborhood of the
line 1, in dimensional variables have the form
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. Eg* he (3.5)
= V12{T =z RiR,

It follows from (3,4) that  Foy,s = Fogyss = 0 for seTy, 01/ Qs= (ca/ c))?
and the quantity ¢* depends only on the parameter € /¢, Certain values of g% =

6*(c;/cy) are presented below, For ¢;/¢y  equal to 1,005, 1,004, 1,094, 1,122,
1,316, 1,438, 1,669 the quantities o* equal, respectively, 3, 968, 3,734, 3,449,
3.303, 2,562, 2,248, 1,827,

2°, Ellipsoidal shell with a smooth surface subjected to a

load of intensity P concentrated along the contour I; for a
movable hinge-supported shell edge, The equationsfor p and I,
are written in (3. 1) and the equations for the middle surface and the load have the
form

z= 1 —1fy (kya®+ key?), g=Pé(), sy (3.6)

The functions Fy, are determined from the problem (2, 2) and 2) from (2.3) and (2, 4)
: 3.7
[z, Fosl = — kyFuiyy — ksForzx = PO ), Fualp =0 (7

It can be shown that
fs? b (3.8)
Fu=24ln), Fp=dn-ZF02 -, Qz___%‘
E ()

A= P?,VZmax(h‘l,kg)nlez, l2=1—-min(-—//ci1-, %)
2 1

Here E (I) is the complete normal Legendre elliptic integral of the second kind [16].
The asymptotic value of the critical load in dimensional variables has the form

3.9

p*

_ 1.309E ahw B2
T VT2 —w) [ 2V 2 max (ky, &) E (1) } R2

3°, Ellipsoidal shell with piecewise~convex surface clam-
ped along the edge under a uniform external load. In this case the
middle surface and the equations of the contours I' and Iy are given by (8, 1), The
functions Fy; are determined from (2. 2) under boundary condition 1) from (2,3)
and (2,4) and have the form
(3.10)

Fmb;:)]cf1+ oilKa (h? — k%) + k1o + [k, — Kb (k® — kD] 2} [2 {aky +

z2 2
Fua= =K {(ha 4 vk 4 Oy -5k )+ 4z 48y 40,
K = (k% -+ k? 4 2vk k)2
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The values of the coefficients 4, B, D, ¢;  are not essential, The coefficients ¢;,

Q; in the system (2, 6) are determined from (3, 10) by using (2. 5) and formulas (2.
6) from [2], 1t follows from (3. 10) that Fy,5s =0 for seTy  The asymptot~
ic value of the critical load p in dimensional variables has the form

Eo* B3
P="yT3(1 —+v* R.R,

The quantity o* is determined as the least branchpoint of the problem (2, 6)~(2. 8)
for each fixed ¢

4, Thin orthotropic non-shallow elastic shell of revolution,
Let us apply the asymptotic method to determine the critical loads for the Reissner equ~
ations {17, 18] of axisymmetric deformations of thin non~shaliow shells of revolution
with piecewise-smooth meridian

8.2 4.1
082 {{ri (D; — @)1 — ——cos @; (sin ; — sin ;) + vig;” (cos D; —

r
1

cos (pi)} = B2(¥;isin®; —Ticos @), T;=— S rig:ds
%

b ‘P‘i} = cos @; — cos @; — ®;e’ {(rﬁpi)' 4.

Ty

wie? {(riIFi’)’ —

(ﬁiz sin (Di + Viq)i’) (lF_‘. sin (Di -— T.;, cos CD.l) -+

&
viri(p; cos @; + g¢; sin CDi)}

All the quantities in (4, 1) are dimensionless and related to the dimensional quantities

by means of the formulas (4.2
Rk N2 1, 2 ) B Vg
&? :< a;\,vz ) s =) V= 12(1 —wievy), Bi® = E—: = ;—:
Vi= Vie, Toi =Ti@,  Zoi = 2@, 189 =5, T1(0) =7y (0),

2y (0) =25,(0)=0
91 (0) = @5 (0), pi® = (CoCy™), Wp = 7, 008 = DyDy7%,
0, = 0yt
Ci = Eigh;, D;= Eih®vi®, E*= EpEw, ( ) E—;T( )
(¥ Yy Pgp Pyt = Evet{@®Y, oy, pi, ai}

aM

M;= Dfi = (i — @) +Wi

.C.
= i Ly r?p; — vi {¥ycos @; — T;sin Dy}

bi = ayEe?

sin @; —sing;

T
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Here  Zoi (8), To; (8) are parametric equations of the middle surface, where
s is the arclength of the meridian measured from the discontinuity point s =
0;i=1 for 5§ <s<0 and { = 2 for O << s<(sy; E.Eo, Vs, Vo

are the Young's moduli and Poisson’s ratios, respectively, in the meridian and circumf-
erential directions; @; is the characteristic dimension, and % is the shell thickness;
g2 is the relative thin-walledness parameter, and fp? is the coefficient of ortho-
tropy, The remaining notation is analogous to that taken in [6, 18, 19],
It is assumed that the shell middle surface is sufficiently smooth and strictly convex in
the intervals & <Cs<< 0 and < s< s, while the load has the form
(4.3)

P ((D (S)v S) = Po ((D (S)a S) + plal(s)v q ((D (S), S) =
90 (P (5), ) + @8 (s)

The bending moment, stress, and horizontal displacement remain continuous at the
discontinuity point § = s and the angle between the shell elements does not ch-
ange during deformation, i.e,,
(4.4)
o, M, (0) = 0,M; (0), ¥, (0) =¥, (0)
nity (0) = pattz (0), @1 (0) — 1 (0) = @, (0) — @, (0)

Finally, boundary conditions corresponding to the method of fixing the shell edge (6]
should be given for s = § and s$= 8,
In the case of a closed shell we have

D; (s)) = ¥i(se) = @i () =ri(s) =0, 1 =12 (4.5)

Limiting ourselves to the construction of smooth terms of the asymptotic, we construct
the solution of the problem (4. 1)-(4.4) as

@A&@~®MQ+QJM+Q§G%%Q+ "9
69 (25Y), = —2>0
Wi(s, )~ Wia (5) + Hio (1) + i {<2) +
W (255), b= >0
The functions D;y (s5), ;0 (5) are solutions of (4. 1) to the accuracy of qu-

antities of ;2  order and correspond to the membrane stress mode of equilibrium,
They are determined from (4,1) forg — ( and are

Do () = 1 (), @1 (0) = @a (0), Wy (0) = ¥y (0) &7

Fio(s) = —ctg @ ()| ri®ai(@:®), B, =12

8
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Therefore, the internal edge effect phenomenon holds and the boundary layer functions
Gio (& ) io (tz; concentrated in the neighborhood of the parallel s = 0,
cancels tne residuals in satisfying conditions (4, 4) for @;,, ¥;,.
The boundary layer functions g™, hi® (i, k = 1, 2) are lumped in the neigh-
borhood of the shell edge (s = 8,8 = S3) and are constructed in [6, 19] for di-
fferent boundary condition cases. These functions should be omitted in the expansiond
(4. 6) upon compliance with the conditions (4. 5).
Let us deduce a system of internal edge effect equations on a half-bounded line to det-
ermine g (¢,), H;o (t;) By using the change of variables
(4.8)
o\ H.
9% = | Dy (0) ], 0 @*<w, Giy = G sign D;o(0), Hyo= (T) o
i i
ri (0) (O'ip‘i )‘,’z 1,
Q;sin?@* so, \'
_ ‘_—'—'——zﬁi <\_}IT) s1gn CD,:O (O)
_ B0y i PO sin @*
& T & = Slgnmy & = (\smtp * gz) M,
— B10y
El §3§4 B?P‘l

These equations always reduce to the same system

(4.9)

@G , .
dt? +—2—Q,i sin@;*sin G; — H;sin(G; + ¢*) = 0
d2H

sin ¢;* — .

sin ¢;*

*—cos(Gi @) =0

with conditions for ¢, — (, resulting from (4,4) and also conditions that @;, H;
decrease at infinity

dGy (0 1 . (4.10)

131 di;(l()) + 2( ) =0, & [Hl ) — A Q;sin 2@1*] -
H3(0) + 7 Q2 sin 2y = rip;
0 ,
b R R 0 MG O =G0 =0
G; () = Hy(0) =0, i=12
It is convenient to set
Q1 (4.11)

%= Q2 +0’ = 'K((Pl*, (Pz*a l, pl)v L= —Q—2‘

as the load parameter %.
The method of solving the problem (4. 9)-(4. 10) is described in Sect. 2,
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5. Examples for nonshallow shells, 1° Closed isotropic sh-
ell subjected to a hydrostatic load. In this case we have
5. 1)
gi=0Qcos®; (5), pi=—Qsin®;(s), oy =p;=Pfi=1
Q1* = by, @ =m—by cCosQ;(s)= ri’ (s), Ba=£f =1
Qr(0) ( sin b, >‘/z
1 =3 =

1 ) s
Tip(s)=——73 Q26 Q= sinZb, ° sin b,

Here @ is the intensity of the external pressure, by, b,  are angles the shell ele~
ment makes with the horizontal axis at the discontinuity point of the meridian, Passing
to dimensional variables, we obtain for the asymptotic value of the critical pressure Q%
(5.2) '
0* = Eh2 sin by sin &y
T oViEE=w 0

®* (51 L bz)

The values of n = x* sin by (sin b,)"* are here presented in Fig, 1,

p
| / 7 / / \
2 { ) 7.25
N #
X - ¥ .
|
7 ! :
7 z b, g 0.5 1 q
Fig.1 Fig.2

Numbers 1-4 refer to the values b, == 0.2, 0.5, 0.9, 1.571 respectively, In the case of
a shell consisting of spherical segments of radius aR; and aR, we have

s ) (5.3)
Q) =bitFr wl)=a—bit =, () =R sing,(s)
219 () = aR; [cos b, — cos @1 ), 299 8) = — aR, [cos b, —
eos Qs ()}, 1o (0) = ryp (0)
We then deduce from (5. 2)
Ew*(b;, by} A2 (5.4)

QF = —m———=r
VIZ(i—+%) a?RR,
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2°. Spherical shell subjected to hydrostatic pressure
and a force P distributed uniformly along a ring. In this case the
shell middle surface and the load are given in the form

rio () = asing; (), @) =b-+s 0 =p;=p=1
p=—Qsin® (s) — Psin ® (0) & (s), q = Qcos®@{s)+ P cos® (0)9 (s)

where b is the slope of the shell element to the abscissa axis at the point of applica-
tion of the concentrated force P. We obtain from (4.7), (4.8) and the last equation in
(4.1)
Tio (s} = ~Y, Qsin? @, (s), Wy {8} = —Y,Q sin 29, (), <0
Tog (s) = ~—Y, Qsin® g (5) — Psin b, Ty (s) = —1/,0 sin 2@, (s) —
Pcosh, >0
Y10 (0) =g (0), OQ1=10Q, Qy=10Q-+2Piinb, b0

Solving the problem (4., 1)~(4.4), we obtain neutral curves corresponding to those val-
uesof -p and @ for which local buckling occurs in the neighborhood of the line of
application of the concentrated load., The critical value of the vertical component of
the stress function T* at the edge of a spherical shell subjected to a hydrostatic load
is determined at buckling by the formula

T* (by) = —1/ 0% (b,) sin? b,

where &, is the shell aperture angle, and o* is the value of the upper critical bu-
ckling load which is determined by the method of fixing the edge and is presented in
[6, 19, 20], In the case under consideration. the critical value of the vertical compo-
nent of the stress function equals  7,* (b, — b) and the neutral buckling curve is
determined by the equation

Té(b) = Tt By 1) O Q= 0% () — 5
The general neutral curves should consist of sections corresponding to local buckling
near the edge and sections corresponding to local in the neighborhood of the line of ap-
plication of the load P. For certain valuesof b and by in the case of a mova-
ble hinge fixed edge, these curves are presented in Fig. 2, It is seen from Fig, 2 that bu-
ckling starts in the neighborhood of the line of application of the concentrated load for

by = 1.38 and = 0.5 (curve 1) with @ = 1.00 andP == 0.486, and
near the edge with o — 1.25 and P = 0.252, Curve 2 corresponds to the case

b= 0.2, b, = 0.8.

3°, Influence of edge fixing on the magnitude of the up-

per critical load for a shell in the shape ofspherical segments.
Using the results in (6], let us write the asymptotic value of the upper critical load for
local buckling near a shell edge in dimensional form

Eco* () h2
O =5 GryF
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Here aR. is the radius of a segment whose edge is fixed, & is the segment aperture
angle at the edge, o* (b) depends on the method of fixing the edge and is presented
in [7, 19, 20]. By using (5.4) we write the ratio between the asymptotic values of the
critical loads for local buckling near the shell edge and in the neighborhood of the bro-
ken line

Q* o* (b) a* (b)
P="0 =¥ sinb, (sinby* — 70

Values of the quantity 7 = x* sin & (sin by)™* are presented for convenience in
Fig.1l., For p>1 buckling starts in the neighborhood of the discontinuity line
and for p <1 — B in the neighborhood of the shell edge. Let us note that in the case
of a clamped edge or fixed-hinge support ¢* (b) = 4 (see [4, 20]and p >> 1 always),
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